We explore ordered soliton ensembles in Kerr microresonators. These soliton crystals are stabilized through collective soliton interactions mediated by defects in resonator mode structure, and require only adiabatic tuning of the pump for generation.
Dissipative Kerr-cavity solitons are a promising candidate for chip-compatible generation of optical frequency combs ("microcombs"). These solitons have been reported in several material platforms, and have begun to meet requirements for performing optical frequency metrology: They can be generated with spectra broad enough for selfreferencing through dispersive-wave generation [1] , externally broadened to span 2/3 octave or octave bandwidth [2, 3] , and efficiently operated with high stability for long measurement runs [4] . Demonstrations of solitons in microcombs have largely focused on single-or few-soliton states, for which generation is complicated by cavity thermal stability effects. To support solitons, the pump laser must be red-detuned with respect to the linear cavity resonance frequency, shifted by thermo-optic effects [5] . While solitons do counterbalance the thermal instability caused by a red-detuned continuous-wave pump laser, a challenge exists in achieving this balance in the s to ms thermal timescale of microresonators [6] [7] [8] . Techniques to stabilize single Kerr solitons include pump frequency tuning [7] , power kicking [1, 4] , and heater tuning of the cavity resonance [9] .
In this paper, we comprehensively explore the creation of Kerr-cavity soliton crystals in which an ensemble of single solitons entirely fills the cavity and becomes collectively ordered. These soliton crystals offer an operational efficiency since they evolve adiabatically from blue-detuned, thermally stable Kerr microcombs. Here the ensemble of many solitons has an average intracavity power similar to that of a blue-detuned microcomb, hence a steady thermal frequency shift of the cavity persists in the evolution from blue-to-red detuning and soliton-crystal formation. A second aspect of our study pertains to the distinctive optical spectra and discrete steps in spectral phase of soliton crystals [10, 11] , which manifest from the precise, collective order of the soliton-crystal pulse train. We show how defects (or avoided mode-crossings) in the microresonator mode structure induce crystallization of a multi-soliton ensemble, leading to collective organization in which many co-propagating solitons populate a uniform crystalline grid in the cavity.
Our experimental system for the generation of soliton crystals, shown schematically in Fig. 1a , consists of a silica resonator into which a tunable telecommunications-band continuous-wave (CW) pump laser is coupled by a tapered optical fiber. When the pump laser frequency is decreased across the resonance and then held at fixed red detuning, a soliton crystal can be generated. In Figs. 1b and 1c, we plot an example of a soliton crystal generated in a silica disk resonator with 16.5 GHz FSR [12] . Along with the experimental spectrum (black), we plot simulations of the crystal's spectrum, intensity, and spectral phase (blue). This crystal is composed of 23 pulses, each of which is the same fundamental single soliton solution to the Lugiato-Lefever equation (LLE), which describes the evolution of the intracavity field in Kerr microcombs and is used for simulations in this paper. The 23 pulses are spaced by 2π/24 radians in the azimuthal coordinate θ-the resulting hole in the pulse train leads to the characteristic primarycomb-plus-soliton nature of the spectrum shown in Fig. 1c .
As they are all shifted copies of the same soliton, the pulses co-propagate at the group velocity, leading to translation of the crystal around the disk. Key to the generation of these soliton crystals is the correspondence between the intracavity power, and thus the resonator steady-state thermo-optic frequency shift, of the crystal and the noisy comb which precedes it. In Fig. 1d we plot measurements of the taper transmission (essentially an inverted intracavity power measurement) and the power converted from the pump laser to other frequency components of the comb. The crystal corresponds to the flat pedestal at the end of the comb power trace. The plot of the taper transmission shows that there is a negligible change in average intracavity power upon generation of the crystal, and there is an increase in frequency conversion from the pump to other comb modes. The presence of a noisy comb can be seen in both traces as fluctuations preceding crystal formation. To generate a long-lived crystal, the laser scan is stopped on the flat pedestal in the comb power trace corresponding to the crystal.
An important feature of soliton crystals is that the pulses are arranged with uniform, or nearly uniform, relative separations, which gives rise to the prominent "primary comb" lines seen in the spectrum in Fig. 1c . The LLE, which describes single-and few-soliton states, provides no mechanism that we are aware of to induce this crystallization. We propose that it arises from soliton interactions mediated by resonator mode-structure defects. The model is this: An avoided mode crossing due to coupling with a different spatial mode family locally shifts the resonator's modes [13] , which enhances comb generation on modes which are shifted closer to the equidistant frequency-domain grid defined by the comb's repetition rate. This results in excess power in one or more comb modes. The excess power interferes with CW laser power in the cavity, leading to an oscillation at the difference frequency of the pump and the affected comb mode [14] . This phenomenon also occurs for bichromatically-pumped microcombs, where it has been theoretically shown that solitons preferentially exist at the peaks of the oscillation [15] . In this way, the oscillating background provides for a discrete set of allowed angular separations between pulses circulating in the cavity. To carry out the simulations in this paper, we have perturbed the LLE to account for the mode-structure defects associated with avoided mode-crossings visible in the experimental spectra.
In Figs. 2a-f, we plot two different soliton crystals. The 24-soliton crystal plotted in Figs. 2a and 2b is similar to the crystal plotted in Figs. 1c-d , but with a soliton shifted rather than dropped, giving rise to the broad lobes in the optical spectrum. The periodicity of the lobes is highly sensitive to the magnitude of the shift of this pulse's position. A simulation of the crystal indicates that the shift is 2•2π/(7•24) radians-precisely what would arise from shifting the pulse by two periods of the interference between mode 7•24=168 and the CW background. In Fig. 2c , we plot the perturbation to the resonator mode structure that is used to simulate this crystal (blue dots), along with second-order dispersion for comparison (orange curve). Here, α is the mode-dependent detuning between comb mode and resonator mode in units of half the resonance linewidth, and is positive for red detuning. A logarithmic-scale plot of the simulated intensity is shown in Fig. 1d , in which the oscillating background is visible. This oscillation arises from the avoided mode-crossing, and in turn gives rise to soliton crystallization.
Figs. 2e-f depict a soliton crystal generated in a silica rod resonator with 25 GHz FSR [16] . An avoided modecrossing enhances comb generation on mode 49, leading to an oscillating background in the cavity with a period of 2π/49 radians. In this case, it is not possible for the pulses to arrange themselves on a uniform grid. A grid with 7 pulses spaced by 7•2π/49 is incompatible with the dynamics of the comb generation-the noisy comb preceding the generation of the crystal fills the resonator too densely for only 7 pulses to be generated. Instead, 16 pulses are generated, with 15 pairs spaced by 3•2π/49 and one pair spaced by 4•2π/49. This is a uniformly spaced crystal whose spacing is contracted relative to the nearest integer fraction of the round trip time, which is TRT/16. This contraction gives rise to the catenary-like spectral features, and is necessitated by the fact that the solitons must exist at the peaks of the oscillating background coming from the avoided mode crossing. We confirm this simple model of the experimental spectra as superpositions of solitons by making time-domain auto-and cross-correlation measurements, shown in Figure 3 . Here we work with the crystal plotted in Figs. 1b-c and again in Fig. 3a . We generate a reference pulse by sending the pulse train through a spatial light modulator and attenuating the pump component and the four most prominent comb lines -the effect of this attenuation is shown by the simulated red spectrum. An autocorrelation of the reference pulse is shown in black in Fig. 3b , along with a calculation from the waveform corresponding to the red spectrum in Fig. 3a (red) . The result of a cross-correlation measurement between the reference pulse and the soliton crystal is plotted in black in Fig. 3c . To understand the shape of the measured cross-correlation, the pump light which is transmitted past the resonator through the tapered fiber must be taken into account. This increases the amplitude of the pump component in the optical spectrum, and shifts its phase relative to the rest of the comb. A simulated cross-correlation with these effects included is plotted in green in Fig. 3c , and we find good agreement with the measurement. Fig. 3 (a) Experimental (black) and simulated (blue) spectrum of a soliton crystal, and spectrum with attenuation applied for generation of a reference pulse (red). (b) Measured (black) and calculated (red) autocorrelations of the reference pulse resulting from applying the attenuation mask to the spectrum of the crystal. (c) Measured (black) and simulated (green) cross-correlations between the reference pulse and the pulse train.
